COMPLEX INTERSECTION BODIES 



A. KOLDOBSKY, G. PAOURIS, AND M. ZYMONOPOULOU 

Abstract. We introduce complex intersection bodies and show 
that their properties and applications are similar to those of their 
real counterparts. In particular, we generalize Busemann's the- 
orem to the complex case by proving that complex intersection 
bodies of symmetric complex convex bodies are also convex. Other 
results include stability in the complex Busemann-Petty problem 
for arbitrary measures and the corresponding hyperplane inequal- 
ity for measures of complex intersection bodies. 



1. Introduction 

The concept of an intersection body was introduced by Lutwak [37], 
as part of his dual Brunn-Minkowski theory. In particular, these bodies 
played an important role in the solution of the Busemann-Petty prob- 
lem. Many results on intersection bodies have appeared in recent years 
(see [10, 22, 34] and references there), but almost all of them apply to 
the real case. The goal of this paper is to extend the concept of an 
intersection body to the complex case. 

Let K and L be origin symmetric star bodies in W 1 . Following [37], 
we say that K is the intersection body of L if the radius of K in every 
direction is equal to the volume of the central hyperplane section of L 
perpendicular to this direction, i.e. for every £ G S" 1-1 , 

\\i\\£ = l^n^|, (l) 

where \\x\\k = min{a > : x G aK}, ( x = [i 6 1" : ( x ->0 = 0}, and 
| ■ | stands for volume. By a theorem of Busemann [8] the intersection 
body of an origin symmetric convex body is also convex. However, 
intersection bodies of convex bodies form just a small part of the class of 
intersection bodies. In particular, by results of Hensley [20] and Borell 
[4], intersection bodies of symmetric convex bodies are isomorphic to 
an ellipsoid, i.e. (Ibm{I{K)i B^) < c where oIbm is the Banach-Mazur 
distance and c > is a universal constant. 

l 
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The right-hand side of (1) can be written using the polar formula for 
volume: 



where the operator 1Z : C(S n v ) — > C(S n l ) is the spherical Radon 
transform defined by 



This means that a star body K is the intersection body of a star body 
if and only if the function || • j^ 1 is the spherical Radon transform of a 
continuous positive function on S 71-1 . 

A more general class of bodies was introduced in [18]. A star body K 
in W 1 is called an intersection body if there exists a finite Borel measure 
fi on the sphere S*™ -1 so that || • \\ K X = Rfi as functionals on C(S n ~ 1 ), 
i.e. for every continuous function / on S*™ -1 , 



We introduce complex intersection bodies along the same lines. In 
Section 2 we define complex intersection bodies of complex star bodies, 
and in Section 7 we study complex intersection bodies of convex bodies. 
While the complex version of Busemann's theorem requires a serious 
effort, the extension of the Hensley-Borell theorem to the complex case 
follows from a result of Ball [2] . In Section 3 we prove that the complex 
spherical Radon transform and the Fourier transform of distributions 
coincide (up to a constant) on a class of (— 2n + 2) -homogeneous func- 
tions on R 2n with symmetries determined by the complex structure. A 
similar result in the real case was crucial for the study of real intersec- 
tion bodies. We use this result in Section 4, where we define complex 
intersection bodies and prove a Fourier characterization of intersection 
bodies: an origin symmetric complex star body K in R 2n is a complex 
intersection body if and only if the function || • ||^ 2 represents a positive 
definite distribution. We use this characterization in Section 5 to show 
that the class of complex intersection bodies coincides with the class 
of real 2-intersection bodies in M? n and, at the same time, with the 
class of generalized 2-intersection bodies, provided that bodies from 
the real classes possess symmetries determined by the complex struc- 
ture of M 2n . The latter allows to extend to the complex result of 
Goodey and Weil [19] by showing that all symmetric complex intersec- 
tion bodies can be obtained as limits in the radial metric of complex 
radial sums of ellipsoids. Finally, Section 6 deals with stability in the 
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complex Busemann-Petty problem for arbitrary measures and related 
hyperplane inequalities. 

2. Complex intersection bodies of star bodies 

The theory of real convex bodies goes back to ancient times and 
continues to be a very active field now. The situation with complex 
convex bodies is different, as no systematic studies of these bodies have 
been carried out, and results appear only occasionally; see for example 
[31, 35, 1, 42, 49, 50]. 

origin symmetric convex bodies in C ra are the unit balls of norms on 
C n . We denote by || • \\k the norm corresponding to the body K : 

K = {z G C n : \\z\\ K < !}• 

In order to define volume, we identify C n with R 2ri using the standard 
mapping 

f = •••» fn) = (fll + *fl2, -, fnl + itnl) ^ (fll, $L2, -, fnl, 6*2)- 

Since norms on C n satisfy the equality 

||A*|| = |A|||*||, \/z G C n , VA G C, 

origin symmetric complex convex bodies correspond to those origin 
symmetric convex bodies K in R 2n that are invariant with respect to 
any coordinate-wise two-dimensional rotation, namely for each 9 G 
[0, 2tt] and each f = (61, 62, U, U) e R 2n 

U\\k = \\Re^n,^2),-,Re(U,U)\\K, (3) 

where Rg stands for the counterclockwise rotation of M 2 by the angle 
9 with respect to the origin. We shall say that K is a complex convex 
body in M 2n if K is a convex body and satisfies equations (3). 

A compact set K in R™ is called a star body if the origin is an interior 
point of K, every straight line passing through the origin crosses the 
boundary of K at exactly two points and the Minkowski functional of 
K defined by 

\\x\\ K = min{a > : x e aK}, G W 1 

is a continuous function on R™. The radial function of K is given by 

Pk{x) = max{a > : ax G K}. 

If x G S*™ -1 , then Pk(x) is the radius of K in the direction of x. Note 
that for any unit vector £, Pk(0 — W^Wk 1 - The radial metric in the 
class of star bodies is defined by 

p(K,L) = max \p K (£) - p L (£)\- 
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If the Minkowski functional of a star body K in M. 2n is ^-invariant 
(i.e. satisfies equations (3)), we say that K is a complex star body in 
R 2n . 

For f G C n , |f | = 1, denote by 

n 

fc=i 

the complex hyperplane through the origin, perpendicular to £. Under 
the standard mapping from C n to IR 2n the hyperplane ii,e turns into a 
(2n — 2)-dimensional subspace of R 2n orthogonal to the vectors 

£ = (£n, £12, £ni, £712) and ^ = (— £12, £n, — £„2, £ni)- 
The orthogonal two-dimensional subspace has orthonormal basis 
{'Cj'C" 1 "} • A s t ar (convex) body K in R 2n is a complex star (convex) 
body if and only if, for every £ G S* 2 ™ -1 , the section K n ii^" is a 
two-dimensional Euclidean circle with radius Pk(0 = HCll^- 1 - 

We introduce complex intersection bodies of complex star bodies us- 
ing a definition under which these bodies play the same role in complex 
convexity, as their real counterparts in the real case. We use the nota- 
tion | if | for the volume of K; the dimension where we consider volume 
is clear in every particular case. 

Definition 1. Let K,L be origin symmetric complex star bodies in 
R 2 ™. We say that K is the complex intersection body of L and write 
K = I C (L) if for every £ G R 2n 

\KCiH£\ = \LCiHf:\. (4) 

Since K D is the two-dimensional Euclidean circle with radius 
H^ll^ 1 , (4) can be written as 

M\aj c 2 {L) = \L n H^\. (5) 

All the bodies K that appear as complex intersection bodies of different 
complex star bodies form the class of complex intersection bodies of star 
bodies. In Section 4, we will introduce a more general class of complex 
intersection bodies. 

3. The Radon and Fourier transforms of /^-invariant 

functions 

Denote by C c (S 2n ^ 1 ) the space of .^-invariant continuous functions, 
i.e. continuous real-valued functions / on the unit sphere S 2 " 1 ^ 1 in R 2n 
satisfying /(£) = f(R e (0) for a11 f e S 2 ^ 1 and all 6 G [0,2tt]. The 
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complex spherical Radon transform is an operator TZ C : C c {S 2n 1 ) — > 
C^S 2 ™- 1 ) defined by 



K c f(0 = f f(x)dx. 



Writing volume in polar coordinates, we get that for every complex 
star body L in R 2n and every £ G S* 2 ™" 1 , 

\l n = [ \\x\\i 2n+2 dx = 7-^n c (|| • ||^ 2n+2 ) (0, 

In — 1 J S 2n-i nH! _ In — 1 ^ 

so the condition (5) reads as 

lieil7i) = ^rT)^(ll-IIZ 2n+2 )(0- (7) 

This means that a complex star body K is a complex intersection body 
of a star body if and only if the function || • ||^ 2 is the complex spher- 
ical Radon transform of a continuous positive .^-invariant function 
on S 2n ~ l . We use this observation in Section 4, where we introduce a 
more general class of complex intersection bodies (not depending on 
the underlying star body), like it was done in the real case in [18]. But 
before that we need several facts connecting the Radon transform to 
the Fourier transform in the complex setting. 

We use the techniques of the Fourier transform of distributions; see 
[14] for details. As usual, we denote by <S(R n ) the Schwartz space of 
rapidly decreasing infinitely differentiable functions (test functions) in 
R n , and S (R n ) is the space of distributions over «S(R n ). 

Suppose that / is a locally integrable complex-valued function on R™ 
with power growth at infinity, i.e. there exists a number j3 > so that 

hm M = , 

where \ ■ \ 2 stands for the Euclidean norm on R n . Then / represents a 
distribution acting by integration: for every (f> e S, 

(f,4>)= [ f{x)cf>{x)dx. 

The Fourier transform of a distribution / is defined by (/, 0) = (/, 0) 
for every test function 0. If is an even test function, then (0) A = 
(27r) n 0, so the Fourier transform is self-invertible (up to a constant) 
for even distributions. 

A distribution / is called even homogeneous of degree p G R if 

(/(x),0(x/cO)H< +p </>> 
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for every test function and every a^O. The Fourier transform 

of an even homogeneous distribution of degree p is an even homoge- 
neous distribution of degree — n — p. 

We say that a distribution is positive definite if its Fourier transform 
is a positive distribution in the sense that (/, 0) > for every non- 
negative test function 0. Schwartz's generalization of Bochner's theo- 
rem (see, for example, [15, p. 152]) states that a distribution is positive 
definite if and only if it is the Fourier transform of a tempered measure 
on R™. Recall that a (non-negative, not necessarily finite) measure [i 
is called tempered if 



/ (1 + \x\ 2 ) 13 dpi(x) < oo 



for some (3 > 0. 

Our definition of a star body K assumes that the origin is an interior 
point of K. If < p < n, then || • \\~^ is a locally integrable function 
on R™ and represents an even homogeneous of degree — p distribution. 
If || • || ~£ represents a positive definite distribution for some p G (0,n), 
then its Fourier transform is a tempered measure which is at the same 
time a homogeneous distribution of degree — n + p. One can express 
such a measure in polar coordinates, as follows. 

Proposition 3.1. ([22, Corollary 2.26]) Let K be an origin symmetric 
convex body in R n and p G (0,n). The function \\ ■ represents a 
positive definite distribution on W 1 if and only if there exists a finite 
Borel measure fi on S*™ -1 so that for every even test function (f>, 

[ \\x\\- p <j>(x) dx = [ ( r v-^o^Wo- 

JR n JS"- 1 \Jo / 

For any even continuous function / on the sphere S*™ -1 and any non- 
zero number p G R, we denote by / • r p the extension of / to an even 
homogeneous function of degree p on R™ defined as follows. If x G R n , 
then x = r9, where r = \x\ 2 and 6 = x/\x\2- We put 

/ • r"(s) = / (0) r*. 

It was proved in [22, Lemma 3.16] that, for any p G (—71,0) and in- 
finitely smooth function / on S" 1-1 , the Fourier transform of / • r~ p is 
equal to another infinitely smooth function h on S n ~ 1 extended to an 
even homogeneous of degree — n +p function h ■ r~ n+p on the whole of 
R n . The following Parseval formula on the sphere was proved in [22, 
Corollary 3.22]. 
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Proposition 3.2. Let f,g be even infinitely smooth functions on S'' 
and p G (0, n). Then 



We need a simple observation that will, however, provide the basis 
for applications of the Fourier transform to complex bodies. 

Lemma 3.3. Suppose that f G C c (S 2n ~ r ) is an even infinitely smooth 
function. Then for every < p < 2n and £ G S' 2n ~ 1 the Fourier 
transform of the distribution f ■ r~ p is a constant function on S 2 " 1 ^ 1 fl 




Proof. By [22, Lemma 3.16], the Fourier transform of f -r~ p is a con- 
tinuous function outside of the origin in M? n . The function / is invariant 
with respect to all Rg, so by the connection between the Fourier trans- 
form of distributions and linear transformations, the Fourier transform 
of / • r~ p is also invariant with respect to all Rq. Recall that the two- 
dimensional space is spanned by vectors £ and £ _L (see the Intro- 
duction). Every vector in S 2 ^ 1 fl is the image of £ under one of 
the coordinate- wise rotations Rq, so the Fourier transform of / • r~ p is 
a constant function on S 2n ~ l fl Hj~. 



The following connection between the Fourier and Radon transforms 
is well-known; see for example [22, Lemma 3.24]. 

Proposition 3.4. Let 1 < k < n, and let G iS(M ri ) be an even test 
function. Then for any (n — k)- dimensional subspace H ofM. n 



We also use the spherical version of Proposition 3.4; see [22, Lemma 



Proposition 3.5. Let be an even infinitely smooth function on S n 1 , 
let < k < n, and let H be an arbitrary (n — k) -dimensional subspace 





□ 




3.25]. 



ofW 1 . Then 




Let us translate the latter fact to the complex situation. 
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Lemma 3.6. Let G C c (S 2n *) be an even infinitely smooth function. 
Then for every £ G S* 2 " -1 

^0(o = ^(0-- 2 " + T(o. 

Proof. By Proposition 3.5, 

KM) = [ = T ±t 5 [ (0 • r~ 2n+2 ) A (9)d9, 

and, by Lemma 3.3, the function under the integral in the right-hand 
side is constant on S 2n ~ 1 r\H^-. The value of this constant is the function 
value at £ G S 2 '^ 1 fl H£. Also, recall that S 2 '^ 1 n H£ is the two- 
dimensional Euclidean unit circle, so 



5 2n-l n #-L 



(0 • r - 2n+2 Y (9)d9 = 2tt (0 • r - 2n+2 ) A (f). 

□ 



Lemma 3.7. The complex spherical Radon transform is self-dual, i.e. 
for any even functions f,g G C c (S 2n ~ r ), 

I Kcf(t)g(t)d£= [ f(9)n c g(9)d9. 

Js 2 ™- 1 J s 2 ™- 1 

Proof. By approximation, it is enough to consider the case where 
/, g are infinitely smooth. For some infinitely smooth even function 
h G C c (S 2n - r ), we have g ■ r~ 2n+2 = (h ■ r-- 2 ) A , then (g ■ r - 2n+2 ) A = 
(2-7r) 2ri /i • r~ 2 . By Lemma 3.6 and the spherical Parseval formula (8), 

/ nj(0g(0dt = ±-( (/ • r~ 2 "+ 2 ) A (0(5 • r- 2w+2 )(£K 

Js 2 ™- 1 l7[ Js 2 "- 1 

/ (f-r- 2n +T(0(h-r- 2 nOdt 

Js 2 "- 1 



2tt 

- / f{9) (g • r- 2 " +2 ) A (9)d9 = [ f {9)ll c g{9)d9 . 



□ 



We now prove Lemma 3.6 without smoothness assumption. This re- 
sult is a complex version of [22, Lemma 3.7]. We say that a distribution 
/ on R 2n is iVinvariant if (/, (j)(Rg(-))} = (f, 0} for every test function 
G iS(M 2ra ) and every 9 G [0, 2ir]. If / and g are i?0-mvariant distribu- 
tions, and (/, 0) = {g, 0) for any test function that is invariant with 
respect to all Rq, then f = g. This follows from the observation that 
the value of an ^-invariant distribution on a test function does not 
change if is replaced by the function ^ J 2w <p(R e (-))d9 . 



COMPLEX INTERSECTION BODIES 9 

Lemma 3.8. Let f G C^S 2 " 1 ^ 1 ) be an even function. Then the Fourier 
transform of f ■ r~ 2n+2 is a continuous function on the sphere extended 
to a homogeneous function of degree -2 on the whole M. 2n . Moreover, 
on the sphere this function is equal (up to a constant) to the complex 
spherical Radon transform of f: for any £ G S* 2 ™ -1 , 

Proof. Let G iS(R 2n ) be any even i?g-invariant test function. Then 
is also an even ^-invariant test function. By Lemma 3.3, for any 

f G S 2n -\ 



I 4>{x)dx = ( / r<j>(r9)dr ) d9 = 2n / r0(r£)dr. 

Jh^ Js 2n - 1 r\H^- \Jo J Jo 



By Proposition 3.4 and Lemma 3.7, 



(9) 



((/•r- 2 "+ 2 ) A ,0>= f \x\? n+2 f{x/\x\ 2 )4>{x)dx 
[ f(0 ( r rfcftdr) d£ = J- / /(£) f / 4>{x)d, | ,/« 

JS2n-l \J J ZTT J S 2n-l yj H ± 

= 2lX / /(0 ( / <f>(x)dx) d£ 

= 2n [ /(0 ( / ( f°° r 2n ~^{r9)dr\ d9 ] d£ 

Js 2 "- 1 Ws ,2 "- 1 n^ \Jo / 



oo 

2n-3, 



^ 2 '/ (/ 

J S 2n-l \J Q 



OO 

v.2n-3. 



r9)dr K c f(9)d9 



= 2ir \x\ 2 2 1Z c f{x/\x\2)4>{x)dx. 

JR 2n 

We get that for every even .^-invariant test function 0, 

((/ ' r- 2n+2 Y , 0) = 2*(\x\ 2 2 K c f{x/\x\ 2 \ 0), 

so even .Rg-invariant distributions (/ • r ~ 2n+2 ) A and 2ir\x\ 2 2 7l c f (x / \x\ 2 ) 
are equal. 

□ 
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Lemma 3.8 implies the following Fourier transform formula for the 
volume of sections of star bodies. Note that the real version of this 
formula was proved in [23], and that the complex formula below was 
proved in [31] for infinitely smooth bodies by a different method; here 
we remove the smoothness condition. 

Theorem 3.9. Let K be an origin symmetric complex star body in 
R 2n ,n > 2. For every £ G S 2n ~ l , we have 

i^i = i^(ii« 2 " +2 ) A «). 

Proof. By (6) and Lemma 3.8 applied to the function f(6) = ||#||^ 2n+2 , 

\k n h A = ^- 2 K (II ■ II?-) K) = (IMI?«T (0. 

□ 

We use Theorem 3.9 to prove the complex version of the Minkowski- 
Funk theorem saying that an origin symmetric star body is uniquely 
determined by volume of its central hyperplane sections; see [22, Corol- 
lary 3.9]. 

Corollary 3.10. If K,L are origin symmetric complex star bodies in 
M. 2n , and their intersection bodies I C (K) and I C (L) coincide, then K = 
L. 

Proof. The equality of intersection bodies means that, for every 
£ G S 2 '^ 1 , \Kr\H{\ = \LC]H^\. By Theorem 3.9, homogeneous of degree 
-2 continuous on R 2n \ {0} functions (|| • ||^ 2n+2 ) A and (|| • ||Z 2n+2 ) A 
coincide on the sphere S* 2 ™ -1 , so they are also equal as distributions on 
the whole of M? n . The result follows from the uniqueness theorem for 
the Fourier transform of distributions. 

□ 



4. Complex intersection bodies 

We are going to define the class of complex intersection bodies by 
extending the equality (7) to measures, as it was done in the real case 
in [18]. We say that a finite Borel measure // on S 2n ~ l is /^-invariant 
if for any continuous function / on S 2 '^ 1 and any 8 G [0, 2tt], 



I f(x)dfi(x) = / f(R e x)dii(x). 

g2n-l J g2ra-l 
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The complex spherical Radon transform of an /^-invariant measure \i 
is defined as a functional TZ c /jl on the space C c (S' 2n ~ 1 ) acting by 

(TZ c fj,,f)= / K c f(x)dfi(x). 
Js 2 ™- 1 

Definition 2. An origin symmetric complex star body K in M. 2n is 
called a complex intersection body if there exists a finite Borel Re- 
invariant measure /i on S 271 ' 1 so that || • and TZ c fi are equal as 
functionals on C c (S 2n ~ l ), i.e. for any f G C c (S' 2n ~ 1 ), 

/ \\x\\ K 2 f(x) dx= [ n c f{6)d l i{6). 

Clearly, 1Z c fi is a finite Borel ^-invariant measure on S 271 " 1 . Also, 
an easy consequence of self-duality of the complex spherical Radon 
transform (see Lemma 3.7) is that if fi has density / on S 2n ~ l , then 
the measure TZ c [i has density 1Z c f. The latter, in conjunction with (7), 
immediately implies that every complex intersection body of a star 
body is a complex intersection body in the sense of Definition 2. 

Many results on real intersection bodies depend on the following 
Fourier characterization (see [26, Theorem 1]): an origin symmetric 
star body K in W 1 is an intersection body if and only if the function 
|| • H^ 1 represents a positive definite distribution. Complex intersection 
bodies admit a similar characterization. To see the connection with 
the Fourier transform, combine the definition of the intersection body 
of a star body (4) with the result of Theorem 3.9: for every £ G S' 2n ~ 1 , 

Both sides of the latter equality are even homogeneous functions of 
degree -2, so these functions are equal as distributions on the whole of 
M 2n . Since the Fourier transform of even distributions is self-invertible 
(up to a constant), we get 

fii-ir 2 Y- {2n)2n ii ir 2 " +2 > o 

[\\ h c (L)) - 47r 2 (n _ l) H Wl >U> 

so the distribution || • ||/ c (l) is positive definite. Moreover, if the Fourier 
transform of || • ||^ 2 is an even strictly positive i? e -invariant function on 
the sphere, then one can use the latter equality to construct a complex 
star body L such that K = I C (L). This connection holds for arbitrary 
complex intersection bodies, as shown in the following theorem. 

Theorem 4.1. An origin symmetric complex star body K in 1R 2 ™ is a 
complex intersection body if and only if the function ||a;||^ 2 represents 
a positive definite distribution on R 2n . 
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Proof. Suppose that K is a complex intersection body with the 
corresponding measure \i. To prove that || • H^ 2 is a positive definite 
distribution, it is enough to show that ((|| • ||^ 2 ) A ,0) > for every 
even i?g-invariant non-negative test function 0. By Definition 2 and 
Proposition 3.4, 

<(IHI* 2 ) A ,0>= / \M K 2 k*)dx 

= [ PWk 2 ( f r 2n -^(r-6)dr\ dO 

= / 

Js 2 ™- 1 



x)dx 1 d/j,(£) 



S 2n-1 \J H 



= (2tt) 2 "- 2 / ( / <j>(x)dx) df,(0 > 0. 

Now suppose that || • \\ K 2 is a positive definite distribution. By Propo- 
sition 4.1, there exists a finite Borel measure fi on S* 2 ™" 1 such that for 
any even test function 

/ \\x\\j?<i>(x) dx= [ ( f 4(tti)dt) dfx(0- (10) 

Recall that K is ^-invariant , so we can assume that fj, is ^-invariant 
and the latter equality holds only for even ^-invariant test functions 
4>. For each such test function, we have by (9) that 

1 r , 
t<j)(t£)dt = — / <f>(x)dx. 



Using this and Proposition 3.4 and then writing the interior integral in 
polar coordinates, we get that the right-hand side of (10) is equal to 

/ [/ }(x)dx) dn(£) = 2tt f If <j)(x)dx ) dn(£) 

ZlT J S 2n-l \Jh± J JS 2 "- 1 \Jh s J 

= 2vr f UAH r 2 "- 3 0(r.)dr) (£) cfc(0- 

JS 2 n-l \Jo J 

Writing the left-hand side of (10) in polar coordinates we get 
/ \\9\\ K 2 ( f" r 2n ' 3 (j)(r9)dr] d9 
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= 2n [ n c ( ^ \ 2n - 3 cf>(r-)dr) (0 dp® (11) 

J S 2n-l \J J 

for any even ^-invariant test function 0. Now let (f>(x) = u{r)v{6) 
for every x G R 2n , where x = rO, r G [0,oo), 9 G S 2n_1 , u G <S(R) 
is a non-negative test function on R, and t> is an arbitrary infinitely 
differentiable /^-invariant function on S* 2 ™ -1 . Then 

/•oo />oo 

/ r 2n ^<p(r-6)dr = v{6) / r 2r ^ 3 u(r)dr, 
Jo Jo 

so the equality (11) turns into 

/ \\e\\ K 2 v(6)de = 2n [ n c v(0dK0- 

Since infinitely smooth functions are dense in ^(S* 2 ™ -1 ), the latter 
equality also holds for any function v G C c (S' 2n_1 ), which means that 
K is a complex intersection body. 

□ 

5. Characterizations of complex intersection bodies 

Complex intersection bodies are related to two generalizations of the 
concept of a real intersection body. These relations allow to apply to 
the complex case many results established originally in the real case. 

The concept of a /c-intersection body was introduced in [24, 25]. For 
an integer k, 1 < k < n and star bodies D, L in R™, we say that D is 
the /c-intersection body of L if for every (n — A;) -dimensional subspace 
H of R n , 

\Df]H L \ = \LDH\. 

The class of /c-intersection bodies was defined in [25] (see also [22, 
Section 4.2]) as follows. 

Definition 3. Let 1 < k < n. We say that an origin symmetric star 
body D in R™ is a k -inter section body if there exists a finite Borel 
measure /i on S" 1 ^ 1 so that for every even test function <fi in R™, 

/ \\x\\- D k d>(x) dx= [ ( fV 1 ^) dt) d/x(0. (12) 
Jm» Js"- 1 \Jo J 

The class of /c-intersection bodies is related to a certain generaliza- 
tion of the Busemann-Petty problem in the same way as intersection 
bodies are related to the original problem (see [22] for details; this 
generalization offers a condition that allows to compare volumes of two 
bodies in arbitrary dimensions). An equivalent and probably more geo- 
metric way to define /c-intersection bodies would be to say that these 
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bodies are limits in the radial metric of /c-intersection bodies of star 
bodies (see [38] or [41] for a proof of equivalence of this property to the 
original definition from [25]). 

It was shown in [25] that an origin symmetric star body K in M n 
is a /c-intersection body if and only if the function || • ||^ fc represents a 
positive definite distribution. By Theorem 4.1, 

Corollary 5.1. An origin symmetric complex star body K in M. 2n is 
a complex intersection body if and only if it is a 2-intersection body in 
R 2n satisfying (3). 

It was proved in [31, Theorem 3] that every origin symmetric complex 
convex body K in R 2n is a (2n — 4)-, (2n — 3)- and (2n — 2)-intersection 
body in R 2n . It follows that 

Corollary 5.2. Every origin symmetric complex convex body in M 6 
and R 4 is a complex intersection body. 

This is no longer true in IR 2ra , n > 4 as shown in [31, Theorem 4]. 
The unit balls of complex ^-balls with q > 2 are not /c-intersection 
bodies for any 1 < k < 2n — 4. 

Zhang in [46] introduced another generalization of intersection bod- 
ies. For 1 < k < n — 1, the (n — /c)-dimensional spherical Radon 
transform is an operator lZ n _u : C(S n ~ l ) >->■ C(G(n, n — k)) defined by 

K n - k (f)(H)= [ f(x)dx, HeG(n,n-k). 

Here G(n, n — k) is the Grassmanian of {n — A;)-dimensional subspaces 
of M. n . Denote the image of the operator TZ n -k by X: 

K n - k (CiS 71 - 1 )) = Xc C(G(n,n- k)). 

Let M + (X) be the space of linear positive continuous functionals on 
X, i.e. for every v e M + (X) and non-negative function / G X, we 
have v{f) > 0. 

Definition 4. (Zhang [4:6]) An origin symmetric star body K in M. n 
is called a generalized k-intersection body if there exists a functional 
v e M+(X) so that for every f e CiS 11 " 1 ), 

/ \\A\~K k f{x)dx = v(K n - k f). 

JS"- 1 

It is easy to see that every complex intersection body in M 2n is a 
generalized 2-intersection body in M 2n . If K is a complex intersection 
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body, then there exists an even ^-invariant measure \i on S 2n 1 such 
that for every / G C(S 2n - r ), 



where v is a measure on G(2n, 2n — 2) which is the image of \i under 
the mapping £ i— \ from S' 2n_1 to G(2n, 2n — 2). The measure v can 
be considered as a positive continuous functional on X acting by 



which implies that K is a generalized 2-intersection body in M. . 

On the other hand, it was shown in [25] (see also [22, Theorem 4.23]) 
that every generalized /c-intersection body in W 1 is a /c-intersection 
body. So we have shown the following 

Proposition 5.3. An origin symmetric complex star body K in M. 2n 
is a complex intersection body if and only if it is a generalized 2- 
intersection body in R 2n satisfying (3). 

Let us point out that the latter result is surprising. Combined with 
Corollary 5.1 implies that under the invariance assumption (3) the class 
of 2-intersection bodies is exactly the class of generalized 2-intersection 
bodies. Without the invariance assumption (3) this is no longer true 
as it follows from an example of E. Milman [39] . 

Goodey and Weil in [19] proved that any intersection body is the 
limit (in the radial metric topology) of finite radial sums of ellipsoids. 
This result has been extended by Grinberg and Zhang [17] (see another 
proof in [38]) to the case of generalized /c-intersection bodies where the 
radial sum is replaced by the /c-radial sum. Now we are going to prove 
a complex version of the result of Goodey and Weil. We do it by 
adjusting to the complex case the proofs from [38] and [34, Theorem 



We define the complex radial sum K 1 + c K 2 of two complex star 
bodies K ± , K 2 as the complex star body that has radial function 






3.10]. 



PKi+ c K 2 ~ 



2 , 2 

P Ki +Pk 2 - 



The latter can be written as 




-2 _ 




+ 
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Theorem 5.4. Let K be an origin symmetric complex star body in M. 2n . 
Then K is a complex intersection body if and only if \\ • ||^ 2 is the limit 
(in the metric of the space C^S 2 ^ 1 ) ) of finite sums || • • - + || • ||b , 

where E 1 ,...,E m are complex ellipsoids in M. 2n (i.e. those ellipsoids in 
M. 2n that are complex convex bodies). 

In other words, an origin symmetric complex star body is an intersec- 
tion body if and only if it is the limit (in the radial metric) of complex 
radial sums of complex ellipsoids. 

To prove this result we need a few lemmas. For fixed £ G S 2 ^ 1 , 
a > 0, b > 0, let E a>b (l;) be an ellipsoid in R 2n with the norm 



2\ 2 



(x,o 2 + (x,e) 2 1 \x\ 2 -(x,o 2 ~(x,ey , 

x \\K, b (0 ~ \ ~2 1 52 I ' x G 



n2n 



Clearly, E a>b (^) is a complex ellipsoid. In fact, (x,^) 2 + (x,^) 2 = 
I (x, £) c | 2 is the modulus squared of the complex scalar product of x and 
£ considered as vectors from C™. The latter does not change when x 
is multiplied by any complex number of modulus 1, which means that 
the norm of E a>b (£) is invariant with respect to all rotations Rg. 

Using the formula for the Fourier transform of powers of the Eu- 
clidean norm in R 2n (see [14, p. 192]), we get 

(\x\ 2 2 )\6)=C(n)\6\ 2 2 ^ 2 , 

where C(n) = 2 2n_3 7r"T(n — 1). By the connection between linear trans- 
formations and the Fourier transform, 

(\\Tx\r) A (y) = I detTr 1 (|| a; ||- 1 ) A ((T*) _1 y) (13) 

one can easily compute the following: 

Lemma 5.5. For all 9 e S 2n ~ l , 



||fl||-2n+2 



Proof. By (13) with T being the composition of a rotation and a 
diagonal operator, 

n 2i2n-2\\Q\\-2n+2 _ ^\ n ) \\g\\-2n+2 



^i/a,i/6(0 a 2n-4\\ v WE b ^)- 

□ 

Lemma 5.6. Let K be an origin symmetric complex star body, then the 
function ||£||^- 2 can be approximated in the space C c (S 2n ~ l ) by functions 
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of the form 

as a — > and b is chosen appropriately. 

Proof. Using Parseval's formula (8) and the previous Lemma we get 

C(n) 



,2n-4 



S 2n-1 



7 2n-4 



1 



7 2n-4 



C{n) 



g2n-l 



S 2n 



S 2n-1 
A 



-2n+2 in 



2n+2 {\x\ 2 2 Y {9)d9 



X 



(9)\9\fd9 



C{n) 



\ X WE a>b (£) dx 



(x,o 2 + (x,e? , i-M 2 -(x,^y 



dx. 



a 2 b 2 

For every fixed a, the latter integral goes to infinity when b — > oo, 
and it goes to zero when b — > 0, so for every a > there exists 6 = 6(a) 
such that 



C(n) f 

n 2n-4 / n , 

a Js 2 "- 1 



~ 2n+2 (n d9 = 1. 



Note that, by rotation invariance, the value of 6(a) does not depend on 
the choice of £. 

Now for every £ e S* 2 ™" 1 we have 

C(n) /• 

/g2n-l 



-2 



IKIIx 



,2n-4 



-2n+2 

E b(a),a(0 



~ a 2 ™" 4 



< 
C(n) 

n 2n-4 



C{n) 



S 2n-1 



UWk- 



K 



-2n+2 

E b(a),a(0 



(0,O 2 +(^-L) 2 >5 



iiei^-i^r 2 



K 



-2n+2 ^ 

Eb(a),a(0 



\K 



K 



+ aS/ H 

for every 5 G (0, 1). 

Since K is a complex star body, the norm of K is constant on vectors 
of the form uC, + vC, 1 - with u 2 + v 2 = 1. Vectors of this form are the only 
solutions on the sphere of the equation (9, £) 2 + (9, £- L ) 2 = 1. Using this 
and the uniform continuity of ||a;||^ 2 on the sphere S* 2 ™ -1 , for any given 
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e > we can find 5 G (0, 1), close to 1, so that (6>,£) 2 + (Q,^) 2 > S 



implies 



UWk - 11*11* <c/2. Therefore 



h = 



C(n) f 


a 2n ~ 


4 / 


•> (6,0 


e 

< - 


\C{n) 


~ 2 


a 2n ~ 4 



ll£ll^-H^ 2 



In -2n+2 in 
\"\\jp (c\U>" 



,fl 2 + (^) 2 ><5 



< 



Now fix 5 chosen above and estimate the integral I2 as follows 



< 



C(n) 
a 2 ™" 4 

„2n-4 



',0 2 +(e,^) 2 <5 



ll£ll* 2 -ll^ 2 



- F 2n+2 M d6 



-2n+2 ^ 

S f>(a),a(£) 



Ci (ra,liO 



7 2n-4 



X 



W) 2 +(0,£ x ) 2 «5 
where 



,0 2 + (^n 2 , i-^O 2 -^^'"" 1 



(6(a))= 



+ 



< a 2 (l -5)- n+1 Ci(n,K)|5 2n - 1 |. 



Ci(n,X) = 2C(ra) max lldl^ 2 . 
Now we can choose a so small that I 2 < e/2. 



□ 



Lemma 5.7. If /i is a finite measure on S 2n 1 and a, b > 0, then the 
function 



f(0 = 



s „-i 



can be approximated in C c (S 2n x ) by the sums of the form 

m 



i=l 



where E\,...,E m are complex ellipsoids. 

Proof. Let a > be a small number and choose a finite covering 
of the sphere by spherical cr-balls B a (rii) = {rj G S^ 1 : |ry — 77* | < c}, 
r/i G S* 2 ™ -1 , i = 1, . . . , m = m(5). Define 

and 

= ^te) \ U B °£i)' for * = 2 ' -> m - 

Let = n(B a (Zi)). Clearly, + • • • + l/p m = fi(S 2n - 1 ). 
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Let p(E at b(£),x) be the value of the radial function of the ellipsoid 
E a ,b(Q a t the point x, that is 

p(E a>b (£),x) = WxWeI^)- 

Note that p{E ab {^) , x) = p(E atb (x), £), because both depend only on 
the modulus of the complex scalar product of x and £, therefore 

\p 2 (E a , b (£),x) - p 2 (E a>b (9),x)\ < C a , b \£ - 9\, 

with a constant C ayb that depends only on a and b. 
Then, 

m 1 

m „ 

<J2 / |p 2 (^ 6 (o^)-p 2 (K,6te)^)|^(o 

m „ 

Since a is arbitrarily small, the result follows after we define ellipsoids 
E l hj 

\\x\\- E 2 = -p 2 (E a ^ t ),x). □ 

Pi 

Proof of Theorem 5.4. The "if part immediately follows from The- 
orem 4.1, since for any ellipsoid E the distribution || • ||^ 2 is positive 
definite, as the linear perturbation of the the same function for the 
Euclidean ball. 

To prove the converse, suppose that K is a complex intersection body 
and p is the measure on S 2 '^ 1 corresponding to K by the definition 
of complex intersection body. By Lemma 5.6, ||£||^- 2 can be uniformly 
approximated by the integrals of the form 

C{n) 



-tf^i J gan _ 1 ii'ii* ii'iiEUO^' ( 15 ) 



as a — > 0. 

By Lemma 5.5 and Lemma 3.8, 



^( n ) t> (\\ \\-2n+2\ /o^\2n-l|| 11-2 
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and by the definition of complex intersection body, (15) is equal to 

(2VT) 2 - 1 / \\o\\£ bi e)dvL(e). 

Now, by Lemma 5.7, f s2n -i W^W^ b ^)d^{0) can be uniformly approxi- 
mated by sums of the form YlT=i II^IIb!' where Ei are complex ellip- 
soids. □ 

6. Stability in the Busemann-Petty problem and 
hyperplane inequalities 

Intersection bodies played an important role in the solution of the 
Busemann-Petty problem posed in [9] in 1956. Suppose that K and L 
are origin symmetric convex bodies in R™ so that, for every £ G S n ~ l , 

\Kn^-\ < |Ln£ x |. 

Does it follow that \K\ < \L\7 The problem was completely solved at 
the end of 1990 's, and the answer is affirmative if n < 4 and negative 
if n > 5. The solution appeared as the result of a sequence of papers 
[36], [3], [16], [7], [37], [40], [11], [12], [44], [45], [26], [30], [47], [13] 
(see [10, Chapter 8] or [22, Chapter 5] for details). One of the main 
ingredients of the solution was a connection between intersection bodies 
and the Busemann-Petty problem established by Lutwak [37]: if K is 
an intersection body then the answer to the Busemann-Petty problem is 
affirmative for any star body L. On the other hand, if L is a symmetric 
convex body that is not an intersection body then one can construct 
K giving together with L a counterexample. 

The complex Busemann-Petty problem can be formulated as follows. 
Suppose that K, L are origin symmetric complex convex bodies in M. 2n 
and, for every £ G S 2 ^ 1 , we have \K fl H^\ < \L fl H%\. Does it follow 
that | If | < \L\7 As proved in [31], the answer is affirmative if n < 3, 
and it is negative if n > 4. The proof is based on a connection with 
intersection bodies, similar to Lutwak's connection in the real case (see 
[31, Theorem 2]): 

(i) If if is a complex intersection body in R 2n and L is any origin 
symmetric complex star body in M 2n , then the answer to the question 
of the complex Busemann-Petty problem is affirmative; 

(ii) if there exists an origin symmetric complex convex body in M 2n 
that is not a complex intersection body , then one can construct a 
counterexample to the complex Busemann-Petty problem. 

These connections were formulated in [31] in terms of positive definite 
distributions, so one has to use Theorem 4.1 to get the statements in 
terms of convex intersection bodies. 
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Zvavitch [48] found a generalization of the Busemann- Petty problem 
to arbitrary measures, namely, one can replace volume by any measure 
7 with even continuous density in IR n . In particular, if n < 4, then for 
any origin symmetric convex bodies K and L in W 1 the inequalities 

7(^n^)<7(^n^), V^e^- 1 

imply 

l(K) < 7 (L). 

Zvavitch also proved that this is generally not true if n > 5, namely, 
for any 7 with strictly positive even continuous density there exist K 
and L providing a counterexample. In [49] the result of Zvavitch was 
extended to complex convex bodies. 

In this section we are going to prove stability in the affirmative part 
of the result from [49]; see Theorem 6.2 below. Note that stability in 
the original Busemann-Petty problem was established in [27], and for 
the complex Busemann-Petty problem it was done in [28]. Stability 
in Zvavitch's result was proved in [29], and in [32] the result of [29] 
was extended to sections of lower dimensions in place of hyperplane 
sections. 

Let / be an even continuous non- negative function on R 2n , and de- 
note by 7 the measure on M 2n with density / so that for every closed 
bounded set Bel" 

7(5) = / f(x) dx. 

J B 

Since we apply 7 only to complex star bodies, we can assume with- 
out loss of generality that the measure 7 and the function / are Rg- 
invariant. 

We need a polar formula for the measure of a complex star body K : 

-y(K) = / f(x) dx = [ ( r n ~ l f\r6) dr) d6. 

Jk Js"- 1 \Jo J (15) 

For every £ G S 2 " -1 , 

>y(KnHt)= [ f(x)dx 
J KnH^ 

r ( f m ^ \ 

= / r 2n - 3 f(r9)dr d9 

r 2n ~ 3 f(r-) dr ) (0- (17) 
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We need the following elementary lemma, which was also used by 
Zvavitch in [48]. 

Lemma 6.1. Let a,b e [0, oo), n e N, n > 2, and let g be a non- 
negative integrable function on [0, max{a, b}]. Then 

pa pa 

/ r 2n ~ l g(r) dt - a 2 / r 2ri " 3 ^(r) dr 
Jo Jo 

< f r 2n-i^( r ) dr _ a 2 /" r 2 «-3^( r ) rf r . 



I-P2 I " 
|^g2n-2| ' 



Denote by 

d n 

where BV; stands for the unit Euclidean ball in IR n , and 

W 2 

1 2l "r(i + f)- 

Note that d n < 1 for every n E N; this easily follows from the log- 
convexity of the T-function. 

It is well-known (see for example [22, p. 32]) that the surface area of 
the sphere S 1 ™ -1 in R n is equal to 

IS"- 1 ] = n \B2\. (18) 

The following stability result extends [29, Theorem 2] to the complex 
case. The proof is similar to that of [32, Theorem 2]. 

Theorem 6.2. Let K and L be origin symmetric complex star bodies 
in M, 2n , let e > and let 7 be a measure on M? n with even continuous 
non-negative density f. Suppose that K is a complex intersection body, 
and that for every £ e S 2 " 1 ^ 1 

l(K n Hi) < 7(L n Hi) + e. (19) 

Then 

77 1 

7 (AT) <l(L) + -d n e\K\n. 

n — 1 

Proof. By (17), the condition (19) can be written as 
Rr I / IMlK ^/(rO dr I (0 



< /v.- I / " L r 2 "- 3 /(r-) rfr ] (£) + e, Vc. £ .S' 2 "" J 
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Integrating the latter inequality with respect to the measure \i on S' 2n ~ 1 , 
corresponding to the body K by Definition 2, and then using the equal- 
ity of Definition 2, we get 

J sn i \\0\\k U r 2n - 3 f(r6)dr\d6 (20) 

< [ \\0\\l 2 ( r 2 - 3 /M) dr) dd + e [ d^). 

Js 2 ™- 1 \Jo J Js 2 ™- 1 

Applying Lemma 6.1 with a = H^H^ 1 , b = H^H^ 1 and g(r) = f(r6) and 
then integrating over the sphere, we get 

I I r 2 "" 1 /^) dr ) d9 

J S 2n-l \J 



S 2n-1 



\9\\ K k [ / K r 2n - 3 f(r9) dr I dQ 



< / I / r 2n - x f{re) dr J dQ 
Is 2 "- 1 \Jo 

~ [ \\ 9 \\ K k ( /" " L r 2n - 3 f{r6) dr) dQ. (21) 
Js 2 "- 1 \Jo J 

Adding (20) and (21) and using (16) we get 

7 (/0< 7 (L)+e / MO- 
Js 2 "- 1 

Since 1Z C 1 = IS* 2 ™ -3 !!, where 1(£) = 1, we again apply Definition 2, 
Holder's inequality, the polar formula for volume and (18): 



\s 2 



x\\S n dx ] IS 2 "- 11 

(2n)*|S' 2n - 1 | I HrV ,i n 



K\ n = d, TC\ n 

\ S 2n-3\ n-1 nl 1 • 



□ 



Interchanging K and L in Theorem 6.2, we get a complex version of 
[29, Corollary 1]. 
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Corollary 6.3. If K and L are complex intersection bodies in R 2n , 
then 

| 7 (K)- 7 (L)| 

< —^—d n max i \ j(K fl H ( ) - j(L H H ( )\ max||ir|«, . 

Putting L = in the latter inequality, we extend to the complex 
case the hyperplane inequality for real intersection bodies from [29, 
Theorem 1]. 



Theorem 6.4. If K is a complex intersection body in R ; and 7 is 
an arbitrary measure on R 2n with even continuous density, then 

n 1 
MK) < d n max 7 (If fl He) \K\*. 

5y Corollary 5.2, this inequality holds for any origin symmetric com- 
plex convex body K in R 4 or R 6 . 

The constant in Theorem 6.4 is optimal, as can be easily seen from 
the same example as in [29]. Let K = and, for every j e N, let 
fj be a non- negative continuous function on [0, 1] supported in (1 — 
j, 1) and such that fj(t)dt = 1. Let 7j - be the measure on R 2n with 

density /j(|x|2), where |x|2 is the Euclidean norm in R 2n . Then a simple 
computation shows that 

lim iAm = ^ d 

j^oo max ?65 2n-i 7 i (5 2n n iff) I5 2 "! 1 /" n - 1 

Note that in the case of volume (when the density / = 1) the in- 
equality of Theorem 6.4 follows from [28, Corollary 1] and the constant 
is just d n without the term n/(n — 1). One has to follow the proof of 
Theorem 1 from [28] to restore the constant d n which is estimated by 
1 everywhere in [28]. 

The result of Theorem 6.4 is related to the famous hyperplane prob- 
lem asking whether there exists an absolute constant C so that for any 
origin symmetric convex body K in R n 

VoUK)^ < C max Vol n _i(if n (22) 

where is the central hyperplane in R™ perpendicular to £. The prob- 
lem is still open, with the best-to-date estimate C ~ n 1//4 established by 
Klartag [21], who slightly improved the previous estimate of Bourgain 
[6]. 
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7. Complex intersection bodies of convex complex bodies 

In this section we extend two classical results about intersection bod- 
ies of convex bodies to the complex setting. The well-known result of 
Busemann [8] is that the intersection body of a symmetric convex body 
is also symmetric convex. We prove a complex version of this result. 

Theorem 7.1. Let K be an origin symmetric convex body in C n and 
I C {K) the complex intersection body of K. Then I C (K) is also an origin 
symmetric convex body in C n . 

Before we prove Theorem 7.1 we need some preparations. We write 
2 for the set or all rotations in M. 2 as described in (3) and H for the 
(real) 2-dimensional subspace of R 2n , spanned by the standard unit 
vectors ei,e2- If Vh is any orthogonal transformation in H (Vh G 
2 ), we define Uy H G 2n to be the orthogonal transformation in M. 2n 
that has (as a matrix) n copies of Vh on its diagonal. Then (3) implies 
that Uv H(j K = K. We will use this property in the following form: 

1k(U Vhq x) = l K (x), \/x G IR 2 ™, V V Ho G 2 . (23) 

Assume that n > 3. Let ui,u 2 G C n , |iti I2 = \u2\2 = 1, with H^. = 
span{«j, uf}, as introduced earlier, and 9i G S#± , i — 1,2. We define 
ui+ua with H ± d £ li^pr G S^x such that 1^ + 9 2 \ 2 = 

J |U1+U2|2' "3 J 1^1 +6> 2 12 -""3 1 1 Z|Z 

l^i + u 2 \2- We can assume that D iJ^ 2 = {0}. 

Now, let r 1? r 2 > 0. We define r 3 ,t (as functions of ri,r 2 ) such that 

ri 1 

t:= ; , r 3 := r tti + M 2 | 2 . (24) 

ri + r 2 i + - 

If 5 := « + if^, we write E % := span{/^, S}, i = 1, 2, 3. We 
define the functions gi : H^. — >■ M, /ij : [0, 00) — >■ [0, 00), « = 1,2,3 to 
be 



(25) 



9i(x) := / lA-(y)dj/ =\Kn(S + x)\, h^r) := g^rO,). 

JS+x 

In the following we exploit the fact that K satisfies (23). 
Lemma 7.2. For i — 1,2, 3, we have that 

POD 

\KC]Ei\ = 2tt / rhi(r)dr. (26) 
Jo 

Proof. First we will show that the functions gi are rotation invariant. 
Let ^0 := span{e 5 , • • • , e 2n } and 6f\ of^ G S H ± i — 1,2, 3. There exists 

Ui G 2n such that UiH^ = H and U t S = S , and <p { P,<pf ] G S# , 
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such that Uj^) = 0f ] and Uj {(j)^) = ef\ i = 1,2,3. Moreover, 
there exists V e 2 such that V(0f } ) = (f>^\ Let V e 2n be the 
diagonal operator with V on its diagonal entries. Then, it is clear that 
Vo{4>i^) = 4>P an d VoSo = S . Then, by (23), we have that for every 
r > 0, 



9i(r6V)= f l K (y)dy= [ l K {y)dy 
= / m li<{y)dy= / l K (U iy )dy 

JUj{S +r<t>f y ) JS +r<t>f ] 

= [ m l K (U t y)dy= [ l K (U t y)dy 

Jv S +rVo(4>) Jv (S +r<f>\ 2) ) 

l K (V T U t y)dy= [ l K (U iy )dy 

S +r<f>\ 2) Js +r<f>\ 2) 



Is 



= [ m l K (y)dy= [ l K (y)dy = g i (re? ) ). 

So, by Fubini's theorem we have that for % — 1, 2, 3, 

\Kf]Ei\= / l K (y)dydx= / gi(x)dx 

Jh± Js+x JH± 

p rOO rOO rOO 

— / rgi{r6)drd6 = 2n rg^rO^dr = 2n rhi(r)dr. 

Js„ ± Jo Jo Jo 

This finishes the proof. □ 

The convexity of K is exploited in the following 

Lemma 7.3. With the above notation we have that 

h(r 3 ) > M 1-t) (ri)/4(r 2 ). (27) 

Proof. Note that h^r) := \K n (S + r^)|, for % = 1,2,3. Also 
observe that the sets K fl (S + r^j) all lie in the same hyperplane, and 
by convexity, 

(1 -t)(Kn(S + n0i)) + t(K n(S + r 2 d 2 )) C (K (1 (S + r 3 3 ))- 
The result follows from the Brunn-Minkowski inequality. □ 

Finally we need the following result of K. Ball [2]. It can be seen as 
an extension of the inequality of Busemann (see also [5]). In [2] this 
proposition has been proved but has not been stated in this form. In 
this form it can be found in [21]. 
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Proposition 7.4. Let ri,r 2 > 0. Define t, r 3 as follows: 

t := , r 3 := - T — -. 28 

Assume that fta, /i 2 , /i 3 : [0, oo) — > [0, oo) such that 

h 3 {r 3 ) > /i? _t) (ri)/4(r 2 ), Vn,r 2 > 0. (29) 
Let p > 1 and denote 



A := (J rP-^i^drJ , 

£ := Qf rP-^sWdry , 
C : = r p_1 /i 3 (r)dr^ " . 



Then, 



C > x ^ x . (30) 

A B 



We rewrite the previous proposition in a form that fits our setting: 

Corollary 7.5. Let ri,r 2 > and Ze£ a > 0. Define t, r 3 as follows: 

t := ■ , r 3 := — — . 31 

ri + r 2 — + — 

Assume that hi, hi, /i 3 : [0, oo) — > [0, oo) such that 

h 3 (r 3 ) > /iS 1_t) (ri)/4(r 2 ), Vn,r 2 > 0. (32) 

Lei p > 1 and denote 

i 



A := ^jf r p - 1 /i 1 (r)dry , 

B := Qf r^/i^drj \ 
C := Qf r^/i^dr 



T/ien, 
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Proof. Let H 3 : [0, oo) — > [0, oo) be such that H 3 (r) = h 3 (^r), and 
let C := / °° r p - l Hz(r)dr. Let r 3 := fr 3 . Then ri,r 2 ,r 3 satisfy (28) 
and 

H 3 (r' 3 ) = h(r 3 )>ht t \r 1 )h t 2 (r 2 ), 
so hi,h 2 , H 3 satisfy also (29). So by Proposition 7.4 we have that 

' < C = QT r-% (fr) *) ' = | (f -V.)*) ' 



or C> 



1 + 



This completes the proof. □ 

Proposition 7.6. In the notation introduced above, if a := \9i + #2(2 
then 

a 1 1 . . 

; T ^ ^ T + rr- 34 

|irnE 3 |2 |frn£i|5 lifn^l 5 

Proof. By Lemma 7.3 we have that h\, h 2 , hs,ri,r 2 ,r s ,t satisfy (31) 
and (32). By Corollary 7.5, applied to p = 2, we have that for A, B, C 
as in Corollary 7.5, 

all , , 

C^A + W (35 > 

Note that by Lemma 7.2, 

„ 2 /°° , , , , ixn^il 2 r° , , , , IAT1E2I 

A :— I rhi(r)dr = , B := / rh 2 (r)dr = and 

JO 27r io 27T 

C 2 := r \^h 3 (r)dr= 1 -^^. (36) 

By (35) and (36), we complete the proof. □ 

Corollary 7.7. Let K be a symmetric complex convex body in R n . Let 
H be an (n — 2) -dimensional subspace of C n . Let u G H 1 - complex 
unit vector and let H u := span{if,w} and r(u) := \K D H u \i . Then 
r : H 1 - fl S' 2n ~ 1 — > (0, 00) £/ie boundary of a complex convex body in 
H ± . 

Proof. In order to show that the curve r is the boundary of a convex 
body in C™ it is enough to show that r _1 is the restriction of a norm 
to Lf- 1 -. So if Ui,u 2 are two non-parallel unit vectors in if- 1 , let w 3 : = 
Ul+U ' 2 — : -(-ui + u 2 ). It is enough to show that 



|tll+tl2|2 



a 1 1 

< -^r + 



r(u 3 ) r{ui) r(u 2 ) 
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In the notation of this section we have that H Ui = Ei and r(ui) = 
\K fl Ei\z. The result follows from Proposition 7.6. □ 

Proof of Theorem 7.1: In the case where n = 2 the body I C (K) is 
simply a rotation of K, so the result is obvious. Let n > 3. Then 
Corollary 7.7 implies that I C {K) H H 1 - is convex for every (n — 2)- 
dimensional subspace H of C n . This implies that I C {K) is convex. The 
symmetry of I C {K) is obvious from the definition. Finally, it is not 
difficult to see that I C {K) satisfies (3). This implies that I C (K) is a 
complex convex body. □ 

In the case where K C M n is convex, by results of Hensley [20] and 
Borell [4], one has that the intersection body of K, I(K), is isomorphic 
to an ellipsoid; i.e. (1bm(I(K), B%) < c where d B u stands for the 
Banach-Mazur distance and c > is a universal constant. Recall that 
the Banach-Mazur distance of two symmetric convex bodies K ll K 2 in 
R n as 

d BM (K u K 2 ) := inf inf {a > : K x C TK 2 C a^}. 

TeGL n 

One can show that the same result holds also in the complex case by 
using a result of K. Ball [2]. However, we can immediately deduce the 
"complex Hensley" theorem by using a more general fact (where the 
result of K. Ball has been used) proved in [33]: 

Proposition 7.8. Let K be an origin symmetric convex body in W 1 
and assume that the 2 -inter section body, I 2 (K), exists and it is convex. 
Then 

d BM (I 2 (K),BZ)<c, 
where c> is an absolute constant. 

Combining the above result with Proposition 5.1 and Theorem 7.1, 
we immediately get the following 

Theorem 7.9. Let K be an origin symmetric convex body in C n . Then 

d BM (I c (K),B2(C))<c, 

where c> is an absolute constant and B 2 (C) := B 2 n is the Euclidean 
ball in C n . 
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